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L I Q U I D  

The a r t i c le  deals  with the impac t  on an el l ipt ical  f i lm of liquid, with the effect  of the f i lm 
shape on the punch decelera t ion  and on the veloci ty  of liquid spreading,  and with the s tabi l i ty  
of the p r o c e s s .  The p rob l em  is  solved for  the case  of a slowly flowing v iscous  liquid as 
well  as for  an ideal  liquid, but with the ine r t i a  fo rces  taken into account.  The theory  is  
found to ag ree  with exper imenta l  data. The i n e r t i a - f r e e  spreading  of a c i r c u l a r  f i lm of v i s -  
cous liquid has a l r eady  been studied by Reynolds [1]. I n t e r e s t  in this p rob lem is  being 
shown again in connection with ce r ta in  aspec t s  of lubricat ion,  of the punch and die operat ion,  
and with the sens i t iv i ty  analys is  of liquid explos ives  [2, 3, 4, 5, 6, 7]. Several  a r t i c l e s  deal 
with the impac t  on a c i r c u l a r  f i lm [3, 4, 5, 6]. 

1. F o r m u l a t i o n  o f  t h e  P r o b l e m .  We will cons ider  an axia l ly  or iented  impac t  at ve loci ty  
w 0 on a liquid f i lm having the shape of an el l ipt ical  cyl inder  (height ho, s emiaxes  ao >- b 0) or  of a 2b0-wide 
s t r ip  into which an e l l ipse  degenera tes  when ao >> bo. The compres s ib i l i t y  of the liquid as  well  as of the 
punch and the die will be d i s regarded .  The rat io  h0/b 0 will be a s sumed  smal l .  With the cha r ac t e r i s t i c  

Pw0b~/h 0 scale f ac to r s  a 0, b0, h0 for  the d imens ions  along the x, y, z axes  r e spec t ive ly ,  h0/I w, 01 for  t ime,  2 2 2 
for the p r e s s u r e ,  [ w0[ for  the axial  component  of velocity,  and lw 01 b0/h0 for the veloci t ies  in the x and the 
y direct ion,  the s y s t e m  of hydrodynamic  equations will, af ter  s implif icat ion based on the sma l lnes s  of 
(h0/b0) 2, be wri t ten as follows: 

0 ~v Op Du t 0t, f_,~ O'u Dv i 81, +~;  =0 
D"-T =" p Ox "0"~' -if'[ ---" p Oy O-i f '  " ~  

Ov . Ow O 0 + u 0 0_0 + 0 I~ (i.i) 
ox~ + ~" +'Y~'~ =0'  - ~  = -~F T ~  + v ou w - ~  , ~ = mo 

The boundary conditions he re  follow f rom the r equ i r emen t  that  the axial  ve loci ty  of the liquid at  the 
punch and at the die be the same ,  

t 

w Iz=o = O, w Izfh = w~ (t), h = h o + ~. w~ w ~ (0) = WO ~ 

0 

(w0 ~ is  the ini t ial  squeezing velocity) and f r o m  the s y m m e t r y  at the cen te r  

u(O, O, t ) = o ,  v(O, o, t ) = o  

, For  a v iscous  liquid, adhesion u=O and v=O should a lso  occur  at z=O and z=h( t ) .  

P r e s s u r e  on the l a t e ra l  sur face  of the f i lm will be d i s regarded .  

A solution will be sought in the f o r m  [8] 

(1.2) 

r- u'l u = x U  (z ,  t ) ,  v = y V ( z ,  t ) ,  p = P (t) [ t  - a 2 b' J 

Equations (1.1) will then be sat isf ied,  i f  

-~-(--~ + w ~ - - -  v Oz2 .1= b ~ + V2 + w -~z - -  v 

(1.3) 

(1.4) 
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ow L ~ [  0~5"[ U + V + - ~ = O ,  p ( t ) =  V~ + Ov o e  
"5~ + w-~z - ~ oz~ J 

2 .  S p r e a d i n g  o f  a F i l m  o f  I d e a l  L i q u i d .  We wi l l  f i r s t  c o n s i d e r  the  c a s e  w h e r e  the  i n -  
e r t i a  f o r c e s  p r e v a i l  o v e r  the  v i s c o u s  f o r c e s ,  and  the  l i qu id  m a y  be t r e a t e d  a s  an i d e a l  one by l e t t i ng  v = 0 .  

I t  w i l l  be a s s u m e d  tha t  U and  V do not  depend  on z. We then  f ind  f r o m  (1.4) 

w = z W  (t), W = w ~ (t) / h (t) (2.1) 

F r o m  (1.4) we ob ta in  the  equa t ions  fo r  U and V, 

a 2 (U ~ + U') =~b 2 (V2+  v'), u + v + w = 0 (2.2) 

p,a (U ~ + U') (1 ~ Y~ P = T a~ - F /  

a s  we l l  a s  fo r  the  punch  v e l o c i t y  

�9 aa3bp 
rao w~ (t) = - - - U -  (U2 + U') ( 2 . 3 )  

The dot  s i g n i f i e s  a d e r i v a t i v e  wi th  r e s p e c t  to t i m e .  

The i n i t i a l  cond i t i ons  f o r  t h e s e  equa t ions  can  be d e t e r m i n e d  by a s s u m i n g  t ha t  du r ing  the  i m p a c t  
( 0 -  t -  < t 0) the  a c c e l e r a t i o n s  a r e  i n f in i t e  whi l e  the  v e l o c i t i e s  t e n d  t o w a r d  t h e i r  f in i t e  i n i t i a l  v a l u e s  [5]. I n -  
t e g r a t i n g  the  p r e s s u r e  o v e r  the  a r e a  of c o n t a c t  wi th  the  l i qu id  and o v e r  the  t i m e  f r o m  0 to  to, and  then a p -  
p r o a c h i n g  the  l i m i t  to--* 0, we f ind the i m p u l s e  s u p p l i e d  by the  punch equa l  to  the  m o m e n t t u n  l o s t  by i t  

to 

I I '~a~176 U~ AI:m~176176176 AI = lira pds  dt  = 
to-.',o o t 

as  a quan t i ty  i n d e p e n d e n t  of  the  c o o r d i n a t e  s y s t e m  so  tha t  by i n t e r c h a n g i n g  the  x and y a x e s  we can  w r i t e  

A I  - -  zcb~176 --'---4--- U~ T.e. ao2Uo = bo2Vo (2.4) 

F r o m  (2.2), (2.3),  and  (2.4) we f ind 

U 0 = bo2Wo V o  = ao~Wo W o  wo~ 
aoa+bo 2' ao2-~-bo "z ' = T (2.5) 

__ mowo rr t ,  ~ :~Pa~ ) 
wo~ m0 + m ,  ' 4ho (ao z + bj ~) 

w h e r e  m ,  i s  the  a s s o c i a t e d  m a s s ,  and  s u b s c r i p t  0 deno te s  the  i n i t i a l  va lue  of a v a r i a b l e .  

The i n i t i a l  cond i t i ons  (2.5) fo l low a l s o  f r o m  the  h y d r o d y n a m i c  t h e o r y  of i m p a c t  [9, 10, 11]. 

We wi l l  v e r i f y  th i s  on the  s i m p l e  c a s e  w h e r e  a 0 ~  ~ and the e l l i p s e  d e g e n e r a t e s  in to  a 2b0-wide s t r i p .  
The  p a r t i c u l a r  so lu t ion  fo r  the  v e l o c i t i e s ,  f o r  the  p o t e n t i a l  r and fo r  the  s p e c i f i c  i m p u l s e  i 0 then  b e c o m e s  

o z 2 ?0wo~ 3 
V ~ - -  Wo o , W ~  W o - h - '  i ~  = 3 ho 

(~)o = WO ~ (z2 - -  h2) - -  (y2 __ b ~) 
2h~ (2.6) 

In a m o r e  r i g o r o u s  f o r m u l a t i o n  of  the  p r o b l e m ,  the  p o t e n t i a l  of the  i n i t i a l  v e l o c i t y  f i e ld  i s  d e t e r -  
m i n e d  by so lv ing  the  L a p l a c e  equa t ion  V~ = 0 fo r  the  cond i t ions  

~P(• z ) = 0 ,  O # / O z j z = o = O ,  

Let  us  r e p r e s e n t  @ a s  the  s u m  @=@0+@l so  tha t  

h02 - -  z ~ 
A(I) 1 = 0, O 1 (+ bo, z) = Wo ~ 2ha 

A p p l i c a t i o n  of  the  F o u r i e r  m e t h o d  y i e l d s  h e r e  

w o z2 bo 2 - -  y', h - , ,  _~ 
q) = o ~0  § wo~ 2~'~-----7 - - -  w~176 6 

k = l  

O $  l Oz]~=h~ = Wo ~ 

- - ,  0@1 / 0z ]~=0, h0 = 0 

2 ( - -  1) TM wo ~ h0 ch  (~ky / ho) 
z~2k ~ ch i (~bok / ho) 

COS - -  
z~kz 

ho ( 2 . 7 )  
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I t  follows f rom (2.7) that 

ho b0 i 
I oo dz Y ,  to - - 2 p o f  (1)(h~ y)dy= a = - ~ o  -g~ = - W o  ~ ~ = 
0 o 

co 

2pow~176176 [ l -  t ( ho ~2 /h) ~a3 6 ~--1 1 ~kbo (2.8) 
= - -  3h----~ -2" ~-7~o/ - - : ~ - ~ - 0 / J ' z ' = - ~ "  -~- th  h0 

Since tanh0rkb0/h0 )-< 1 and k -a -<k -2, then 

o o  

6 ~, k_~= t 

A compar i son  between (2.6) and (2.8) will show that  the pa r t i cu la r  solution desc r ibe s  the m e a n - o v e r -  
the - th ickness  ve loc i ty  field in the fi lm, while the ini t ial  squeezing ve loc i tes  Wo ~ =w0+AI/m0 and the a s s o -  
c iated m a s s  m ,  = -&I /w~  differ  f rom those in the exact  solution by an amount of the o r d e r  of (110/b0) 2. I t  is  
to be noted, however ,  that  the l a t e ra I  ve loci ty  u= 0~ /0y  at the punch wall  i s  ini t ia l ly infinite.  The f o r m a -  
tion of a h igh-veIoc i ty  shroud when t o ~ 0 is  cha r ac t e r i s t i c  of many  si tuat ions and is  observed ,  for  example ,  
when a plate s t r i ke s  the wa te r  sur face .  This phenomenon is  qual i ta t ively explained by l a te ra l  load re l iev ing  
waves  [51. 

The t r ans ien t  t ime  t ,  cor responding  to the pa r t i cu l a r  solution can be e s t ima ted  f rom the condition of 
potential  r i s e  to a m a x i m u m  difference (~-~o)max=w~ at the l a t e r a l  sur face  of the liquid f l m ,  which 
indicates  that  the init ial  conditions (2.6) a r e  not s tr ingent .  With the aid of the L a g r a n g e - C a u c h y  in tegra l  
we find 

t .  

- -  ~ d t ~  -2-~-~-o / t , ,  t , ~ l w  ~ I \ b o /  
0 

Introducing now the following d imens ion less  functions 

W 2U h t I wo~ { 
~  ~ = - - - ~  ~ = ~ - '  ~ =  ho 

into (2.2) and (2.3), we a r r i v e  at  a succes s ive ly  in tegrable  s y s t e m  of equations 

de 2~ ( i  + ~)  - ~  = - -  r (t - -  r  ( 2 - -  ~p) + ~ [8r 2 + 2 ( l  + 8) ~p - -  4e l ,  ,p (1) = s ( 2 .9 )  

0 dF. = ~pt _ 2 r  + 2 (t  - -  ~ ) ,  0 ( t )  = t ( 2 . 1 0 )  

I d~ 2b, ~ 4h0rn0 (# + ~) 
z=-- ~, 8----a~, 8=I--e, ~= ~aSbSp (2.11) 

1 

I f  the punch face conforms  exact ly  to a plane f i lm section,  then a =a 0, b = b 0, f i = m 0 / m . ,  and the equa-  
t ions make  up a c losed sys t em.  

An Abel equation like (2.9) has th ree  s ingular  points in the $ -> 0 and 0 - ~ -< 1 region:  saddle point 
= 0, r =0; saddle point ~ = 0, $=2 ;  and node ~ =0, $ = 1, with the slope of the pa r t i cu l a r  solution d~/d~ = 

3fi (1 - ~). Near  the node point the in tegra l  cu rves  a r e  tangent to the r axis with an infinite der iva t ive  

~) = t + K~'h + 3 (1 -- e) ~, K = eonst  ( 2 . 1 2 )  

I t  follows f rom (2.10) and (2.12) that  nea r  the node which co r r e sponds  to comple te  squeezing of the 
liquid 

h--+0, O =B~W, B = const 

and, consequently,  we conclude f r o m  (2.11) that  the t ime  of punch motion is  x ~ 5-'h-+ ~ .  With the x and y 
axes  in terchanged according to the conditions of the p rob lem,  function U becomes  function V and p a r a m e t e r  

becomes  2 - e .  Wi th thea id  of (2.2), this  p r o p e r t y  can be e x p r e s s e d  in d imens ion less  form,  

(L 8, ~ ) = - - ~ ( L  8, 2 - - ~ ) ,  ~ - - - 1 - - r  
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In the special case where the ellipse degenerates into a circle 

Then (2.10) and (2.11) y ie ld  

0=~ ' / ,  " ' ~ = ( t  ~ ) w l x ( ~ ) - - x ~ % ) l  

x (k )  k(k2--2) I ,  k + t  = k~ -- i 2 m a-----~' k = (t + t / ~)V,, ko = (i + l / ~)'/' 

(2.13) 
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The radial  velocity and the p r e s s u r e  are  s imply 

' 3~ (i + ~), (woOro~)2," i[ _ (r ~I 
=--W~176 p =  JJ  (2.14) 

8hoq mo 
= ~ o  ~ , q o =  ~,.o ~ 

It is  evident f rom (2.13) and (2.14) that the spreading velocity vr(r0, t) and the p r e s s u r e  at the center  
p(0, t) r each  their  maximum values not at once but af ter  some interval  of t ime (see, e.g., curve 3 in Fig. 1, 
where the change in p r e s s u r e  at the center  of a c i rc le  po=Pho2/proZwo z is  shown for P= t0). A maximum 
exists here  as a resu l t  of two opposing effects:  inc rease  in the film thickness and decelerat ion of the 
punch. 

In the other extreme case ~-~ 0, where the ellipse degenerates  into a 2b0-wide strip,  Eqs. (2.9), 
(2.10), and (2.11) are  also easi ly  integrable,  

0 ~ (l + ~)~ ~ t i 2 In ~] ,=0, = 7 ~ - ~ '  ~=hv4-~[~-~+~(i-~)~- 
v = - T c  v o ,  P = T - 4 ~  ~ - ~ o  ) - 

4hoq ~w o mo 
= -  pb0 ~ ' w~176 l-~-~' q = lira ~ (a a ~ or 

It  is  evident f rom (2.15) that for a finite fi the squeezing t ime becomes 

F r o m  (2.2), (2.9), and (2.10) we derive an expression for the p r e s s u r e  at the center  of the ell ipse,  

, ,  - -  s (~ + ~ )  ~--Z7-o / [ ( 2 - -  ~)  (4 - -  , )  + 8~2 ~ + 2 ( l  + e ) ,  - -  4~] 

v = - -  ~ y0 (2 - -  XO) (2 .16 )  

A decrease  in e, i .e. ,  a g rea te r  eccentr ic i ty ,  reduces the sever i ty  of the impact,  and with r0 ~ =a0b0 
the maximum p r e s s u r e  on an ellipse r < 1 or  on a str ip is smal le r  than on a c i rc le  r - 1. This is natural ly  
so since the pe r ime te r  of an ellipse is  longer than that of a c i rc le  and, therefore ,  squeezing occurs  under 
less  restraint .  The p res su re  on a str ip is g rea te r  than on a c i rc le ,  if r 0 = b0, because now the pe r ime te r  
per  area of a c i rc le  is grea ter  than that of a strip.  For  comparison,  Fig. 1 depicts curves  of p r e s su re  
P0 = Ph02/P0w02b02 at the center  of a str ip (curve 1) and at the center  of a c i rc le  (curve 2) during squeezing 
at constant velocity. 

In experiments  fi is usually large and, therefore ,  it is  reasonable to assume a constant squeezing ve-  
locity. A solution based on this assumption is exact, moreover ,  inasmuch as the combination of t e rms  
dw/Ot+w0w/dz=0  in (1.1) when w0 = const, and thus the axial projection of the Euler  equation is  satisfied 
exactly ra ther  than approximately even when h / b  is small.  

Let the magnitude of ~ be a r b i t r a r y  but the mass  of the punch be large.  Solution (2.9) can then be 
found by expanding into a ser ies  in the small  pa r ame te r  fl-1, and already the ze ro th -o rde r  t e rm in ~0 sa t -  
isfying the equation 

2~d% = ~d~ 8%s + 2(1 + 8 ) % - -  4s, %(1) = e (2.17) 

will at f i--  oo give a sa t i s fac tory  approximation in the 10ft -~ < ~ -< 1 range. Integrat ing (2.17) will yield 

5~p0(a + ~) = (6-- 2 -- k )~  + a (k-- 2 + 6), c ,(k--2 + 8~) = k + 2 - - 8  ~ 

-----~a~( w~176 -- 3] [1-  =' 5 ] '  0 = t / ~ ,  ~ = i - - ~  p ,o)' + oo' 

The position of an ~ 1 node does not coincide with (2.12) in ffae zeroth 'approximat ion,  i.e., when 
--~ 0, $0-- r  and $ .  = 1 - ( 2 - k ) / 6  --< 1, and a small  difference in $0 f rom the exact  solution appears  when 

is small.  When e= 1, "however, the approximate solution becomes exact because r  1 now. 

The graphs of functions r and ~-(~) are  shown in Fig. 2 and in  Fig. 3 for e=0.5,  fi=10, 100, and 
1000 (corresponding curves  1, 2, and 3) and, for comparison,  the zeroth approximation has been indicated 
by a dashed line. I t  is  evident here that a difference between the approximate and the exact solution be- 
comes noticeable only at ~ - 10fi -1. 
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I t  would be in te res t ing  to com pa re  the spreading  veloci t ies  v b and u a along the minor  and the ma jo r  
semiax i s  of an el l ipse,  

% if{ s ~V, v y V U 2-- r  (2.18) 
-h~=T-~E:- -~  ' - # = E - i f - '  ~--~= , 

In i t ia l ly  r = r 1 and, according  to (2.18), Vb>U a. This fact is  explained by the l a rge  p r e s s u r e  g r a -  
client along the minor  semiax i s ,  which r e s u l t s  in a rotat ion of the veloci ty  vec to r  v / u - y / x .  During squeez-  
ing.at  a constant  velocity,  7 ~  1 and r  1 - ( 2 - k ) / 8 ,  and thus always Vb>U a.  

If the m a s s  of the punch is  finite, then r  when ~--)0 and, the re fo re ,  Vb<U a.  This  fact  has to do 
with the iner t i a  of the spreading  liquid when the p r e s s u r e  fo rces  a re  negligible.  

We will now consider  the exact  solution for  the case  where  the f i lm is  squeezed by a constant  ex-  
t e rna l  forcef0=~a0~b0p (Ua+ 1])/4. In tegra t ing  this express ion  and using (2.2) will yield 

A .-~ O" A--~ Uo B .-b V B+V0 e x p 2 B t  --~----~exp2At, ~ = ~ - -  ~ o  

A=4/o/~pao~bo, B = a o A / b  o 

We note that Eqs. (2.2) a r e  s imply  in tegra ted  also when ~---0 a n d f o / a o = c o n s t .  The spreading  of a 
liquid between two flat  su r faces  i s  desc r ibed  by the s ame  equations (2.2) and (2.3), i f  one cons iders  that  
z = z(t) and fl=fl(t),  since 

da / d t  = a U ,  abh = aoboho, a (0) = a o (2.19) 

An el l ipt ical  f i lm r ema ins  e l l ipt ical  when h a m m e r e d  out. Indeed, any a r b i t r a r y  point on an el l ipse 
with s emiaxes  a l ,  b 1 whose coordinates  at t ime  t 1 a r e  x, y will a f t e r  the t ime  t l + d t  have moved  to the point 
whose coordinates  a r e  

x, = x i -~ Uxidt i ,  Yi---- Y i +  Vyi  dt 

ahd which belongs to the e l l ipse  with s emiaxes  

a~ .~ a i -~- Ualdt, b 2 = b i -~- V b f l t  

This can be ver i f i ed  by breaking up the equation x 2 2 / a 2 2 + y 2 2 / b 2 2  = 1 with an accu racy  of dt and by 
cons ider ing  that  

yield 

x2ila2i ~- y2i/b21 = 1 

Of p rac t i ca l  i n t e r e s t  is the i m pac t  of a l a rge  m a s s ,  when Wo ~ const and (2.2), (2.3), and (2.19) will 

dT ' d6 da 
2~=4~--~(~-~-3), ~-~=(p(l--5~), 2~=a(~--l) 

(p(t)=80, a ( t ) = t ,  a = a / a o ,  8(1)=6o (2.20) 

F r o m  the f i r s t  two equations in (2.20) we get the Abel equation: 

2q~ (i ~ de -- 8 ) -~E = 4~ -- 6 (~2 + 3) 

This equation has the following singular points: focus (0,0), saddle points (i,i) and (-l,l),and nodes 
(1,3) and (-I, -3). The vertical lines 6 = • i representparticular solutions with the integral curves ap- 
proached as the derivative becomes infinite. The zero isoclinie ~ = 4~/(~,2+3), shown by a dashed line in 
Fig. 4 originates at the singular point (i,i) has a slope d~/dS=2, and lies below the separatrix ~=i+2/3 
(8-1). The initial conditions (point i) lie on the bisector ~=6 indicated by a dashed-dotted line. 

It becomes evident from Fig. 4 representing the field of integral curves that under continuous squeez- 
ing an ellipsetransforms intoacircle with some radius r 2 (point 2). At that time, however, the velocity 
field still remains asymmetrical, because 

a =  b = r  2, U / V = ( I - - T ) / ~ ( t  + ~ ) ~ l  , 

when ~= ~ < l ,  i .e . ,  v b > Ua, and thus the c i r c l e  t r a n s f o r m s  fu r the r  into another  e l l ipse  - with semiaxes  
b>a  this t ime  (segment  between points 2 and 3 on the in tegra l  curve  in Fig. 4). This p r o c e s s  is  repea ted  
with the eccen t r i c i ty  decreas ing  eve ry  t ime  and with the focal dis tance [a2-b211/2 oscil lat ing.  
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I f  Eqs.  (2.20), in the v ic in i ty  of a focus ,  a r e  wr i t ten  in po l a r  coo rd ina t e s  

do) 
2 -~i- = 2 -}- cos ~ o) --  2 sin 2o + 0.25r ~ sin ~ 2(0, ~1 = --  In ~, q0 = r sin o, 

6 = r coso), O ~ r ~ < l  

then it b ecomes  evident  that ,  a s  h ~  0 0 1 ~  ~r w'--'-~ because  dw/drl > 0; i .e . ,  the n u m b e r  of osc i l l a t ions  is  
infinite.  I t  i s  to  be noted that  the s e p a r a t r i x  o r ig ina t ing  at  point  (1,1) (heavy line in Fig.  4) m a y  not  be 
t r e a t e d  as  the solut ion to the problera ,  s ince  the in i t ia l  condit ion 60 = 1 c o r r e s p o n d s  to  the degenera t ion  of 
an e l l ipse  into a s t r ip  q ) - l .  However ,  one m a y  app roach  the s e p a r a t r i x  a r b i t r a r i l y  d o s e  and the o s c i I l a -  
t ions  will  s t a r t  only when the squeez ing  is  a l m o s t  comple te ,  i .e . ,  when h - ~ 0 .  With a and b exp re s sed ,  a c -  
co rd ing  to (2.20), a s  

a=ao~f'hexp~-I (P.,~-d~, b=bo~-hexp--~- ! ~  ' ~-d~ 
1 1 

we will find that  the ampl i tudes  K= (a - b ) / a 0  of the e l l ipse  axes  osc i l l a t ion  a r e  ex t re raa l  K ,  at  points  ~0 
r e p r e s e n t i n g  the roo t s  of the equation 

E~ ( bo 1 '/~ (p (~,o) 
[ l - - r  I ~ - d ~ = l + ( ~ ( ~ o ) ,  K.=2~a-~o j t+~(~~ 

1 

I t  fol lows f r o m  (2.20) tha t  6 ~ 0 when ( ~ 0, in a c c o r d a n c e  with the equat ion 

~5  . 2 d8 3 d6 
d%Z-t- - ~ - + ~  6 % ~ - ~ -  

�9 ln~, ln% 1 ( In~ In~ 8 - - > ~ ( A s m - ~ + B c o s  V~ j , q ~ - ~ , A ~ s i n ~ - t - B ~ c ~  ] 

K o r ,  [ - -  . In ~ -~- B 2  6 o s  ~ - ~ )  - ' ~  / ~ s m  V -~ 1.~\ 

Fo r  this  r eason ,  the ampl i tudes  of  osc i l l a t ion  d e c r e a s e ,  and an e l l ipse  b e c o m e s  a c i r c l e .  The c u r v e  
in Fig.  5 r e p r e s e n t s  the r e l a t ive  f i lm t h i c k n e s s e s  ~ .  at  which an e l l ipse  becomes  a c i r c l e  fo r  the f i r s t  
t ime  (point 2 in Fig.  4), ca l cu la t ed  as  a function of 60. . I t  i s  no t iceab le  tha t  the shape of an e l l ipse  s t a r t s  to 
osc i l l a te  l a t e r  when ~ is smal l .  And only when the eI I ipse  is a l raos t  a c i r c l e  at the v e r y  beginning will  
osc i l l a t ions  o c c u r  a l r e a d y  at l ight  squeezing.  Thus,  fo r  exaraple,  ca lcu la t ions  have shown that  ~ ,  i s  equal  
to 0.16 o r  0.29 r e s p e c t i v e l y  when 60 = 10 -a o r  l0 -4. The c u r v e s  in Fig.  6a show the va r i a t ion  in the s e m i -  
axes  of an e l l ipse ,  g and "r)=b/ao, ca lcu la ted  for  60=0.43.  The c u r v e s  in Fig.  6b r e p r e s e n t  K = a - b  c a l c u -  
la ted  fo r  6 o = 0.43 and 0.55. F o r  c o m p a r i s o n  with t h e o r y  (t~. I. Andriankin)  we a l so  show the t e s t  c u r v e s  in 
Fig.  6a, b which have been obtained by V. K. Bobolev  and A. V. Dubovik: (1) fo r  aqueous  g lyce r ine ,  P = 1.24 
g / e r a  3,/~ =3 poise ,  w0=2 m / s e e ,  m0=5  kg, punch rad ius  9.5 rata, h0=0.25 tara,  a0=4 .45  ram, b0=2.85 ram, 
R e =  1, 6o=0.42,  and f i=1.76 �9 10~; (2) f o r  h0=0.5 ram, a0=0.45 rata,  b 0 =2.85 rata, R e = 2 ,  6o=0.43,  and fl= 
3 .5 .  104; (3) for  honey,  O = 1.41 g / e r a  3,/~= 100 poise ,  w0 = 1 r a / s e e ,  m0=10  kg, h0=0.5  ram, a0=4.75  ram, 
b0=2.55 rata,  Re~-- 0.35, 60=0.55 , and f i=7 .4 .104  . 

The p r o b l e m  of sp read ing  is  s imple  to solve  in the case  of a c i r c u l a r  f i lm a = b = R(t), even when the 
punch dece le ra t ion  is  taken into account ,  because  then 

U = V, ~ = ~o~ 2, ~p = i, ~o = 8homo/npro 4 

In t eg ra t i ng  (2.10) and (2.11) y ie lds  with (2.19) 

R = ro~ -v', U = - -  w~ 0, 0 ~ = ~i(t++p0~ 8ri~ 

= 2 (V v' - -  l) + 0.4 ~o (l - -  ~'/.) 

I f  the punch is  s topped at  t ime  t I a s  a r e s u l t  of s o m e  ex te rna l  act ion wha t soeve r ,  then the l iquid will  
cont inue to s p r e a d  due to ine r t i a  and 

p = O, gI -l- U 2 = 0 ,  U R .  = dR .  / dt, RlZhl = R.2h 

U = Ultll / R , ,  R .  = / / 1  [l + U1 ( t - -  tDl 
3 .  S l o w  S p r e a d i n g  o f  a V i s c o u s  F i l m .  D i s r e g a r d i n g  the ine r t i a l  t e r r a s  in (1.4) will  

l eave  the fol lowing equat ions:  
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20~U " 2 0 z V  Ow dw ~ g a b  
a ~ = o  0-~-' U @ V + - - ~ - z  = 0 '  m ~  - P ( t )  

P (t) = p.a ~ 0W 
2 Oz ~ 

I n t e g r a t i n g  t h e m  with  the  cond i t i ons  of a d h e s i o n  t aken  in to  accoun t ,  we have  

i i  I (3h  - -  2z)  
u = z (~ - z)  u ~ (t) ,  v = z (~ - z) v ~ (t), w - ~  u (t) 

P = ~ta~U ~ V ~ = a2U ~ / b ~, U ~ = --3eh-3w ~ (t) 

I n t e g r a t i n g  the  equa t ion  of mo t ion  for  the  punch y i e l d s  

3~lxa0ab0S ( t  - -  ~2) (3.1) 
w ~ (t) = wo ~ 5 2~0h0,~* (~.*,+ b,~) 

~ 2  = I Jr- 2m~h~176 (a~ -1- b~ 
3~ p, ao3bo a 

I t  fo l lows  f r o m  (3.1) tha t  the  punch c o m e s  to a s top  wi thin  a f in i te  f i l m  t h i c k n e s s  ~f, but the  t i m e  of  
mo t ion  un t i l  fu l l  s top  - p r o p o r t i o n a l  to ln(~ - ~ k  ) -  i s  in f in i t e .  I f  we c o m p a r e  the  f in i te  f i lm  t h i c k n e s s e s  ~f~ 
and ~f u n d e r  i m p a c t  wi th  a c i r c u l a r  and  an e l l i p t i c a l  punch,  r e s p e c t i v e l y ,  both having  the  s a m e  m a s s  and 
base  a r e a  ro 2 =aobo as  wel l  a s  the  s a m e  v e l o c i t y ,  then  we a r r i v e  a t  the  e n t i r e l y  obvious  r e s u l t  tha t  ~k ~ > ~k; 
i . e . ,  t ha t  a n a r r o w  f i l m  i s  m o r e  e a s i l y  s q u e e z e d .  

In so lv ing  the  p r o b l e m  of  an  e l l i p t i c a l  f i l m  h a m m e r e d  out  be tween two f ia t  p l a t e s ,  we wi l I  a s s u m e  
tha t  the  e l l i p s e  b o u n d a r y  expands  a t  the  m e a n - o v e r - t h e - t h i c k n e s s  v e l o c i t y .  Then 

h 
U~ I z ( h - - z )  d~ = g~ V~ (3.2) a ' = ~ - -  6 ' b ' =  6 

o 

T h e s e  r e l a t i o n s  s a t i s f y  the  cond i t ion  of c o n s t a n t  l iqu id  m a s s  a bh =a0b0h0 . 

C o n s i d e r i n g  tha t  V ~ =a2U2b -2, we have  f r o m  (3.2) 

a* - -  b2 = co ~, Co~ = ao2 - -  bo 2, a 2 c~2 4_ Z '/g co4 4;_ (a~__~~ )* = 2 - - -  ' ~ = - ~ -  (3.3) 
(,% ),i= 

K = tt--@-~s [(t -7 ~o~) '/= ~ (~ol - -  t)vq, ~1 ~ = I + 1 --  60" 6o2~ 2 

i . e . ,  the  foca l  d i s t a n c e  i s  m a i n t a i n e d  (unl ike  in the  i n e r t i a l  c a se ) ,  but the  d i f f e r e n c e  ( a - b ) / a  d e c r e a s e s  
m o n o t o n i c a l l y .  The  func t ion  K(~) has  been p l o t t e d  in F ig .  6b fo r  60=0.43 and 0.55. H o w e v e r ,  the  f in i t e  
m a s s  of  the  punch wi l l  c o m e  to a s top  when ~k > 0 and,  t h e r e f o r e ,  the  e l l i p s e  does  not  t r a n s f o r m  in to  a c i r -  
c l e .  Indeed ,  i n t e g r a t i n g  the  equa t ion  of  m o t i o n  fo r  the  punch and t a k i n g  into  c o n s i d e r a t i o n  (3.3) ,we ob ta in  

o 3n~ao2bo ~ [" ~--4 2Co* (~'A __ Lx*/,) cog (LV, __ L1V,) 
w ~ (4) = w0 + ~ L ~ - l + 3~o'b0' 2%,b0, j 

4L 1 = ao ~ + bo* 

Since  the  f i r s t  t e r m  i n s i d e  the  b r a c k e t s  i n c r e a s e s  f a s t  when ~ ---0,  hence  w~ v a n i s h e s  when ~ k ~  0. 
It is also not surprising that the curves a and b representing the inertial and the viscous case, respec- 
tively, are close (points 4 in Fig. 6a), since the spreading is governed by the mass balance, even though 
the pressures are quite different. 

In conclusion, we write the equation of motion for a circular film of liquid squeezed under a constant 
force f0 = wr02P0/2 and include here both the inertial and the viscous term. 

The solution wiil be sought in the form 

U ~ V, U = t ~w 
2 Oz  ' w = w ( Z )  

F r o m  (1.4) we then  obta in  an equa t ion  fo r  w which  i s  ana logous  to the  b o u n d a r y - l a y e r  equat ion ,  

d~w . d~w I d w \ ~  z t6]o 

and which  can be s o l v e d  in the  f o r m  of  a s e r i e s .  
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